@ ‘ E’“‘“‘P'eﬂ Find the centre of mass of a

uniform triangular lamina.

Solution. In Fig. 7.58, ABC is a.unifor.m
triangular lamina. It may be subdivided into thin
strips, each parallel to the base BC as shown.

FIGURE 7.58

|
5
*

K ]

By symmetry, each strip has its centre of mass
at its geometrical centre. If these points are joined,
we get the median AK. Similarly, we can argue that
centre of mass lies on median BL and also on median
CM. It means the centre of mass of uniform triangular
lamina lies at the point of intersection of the three
medians, i.e., on the centroid G of the triangle.

9. examplef] Find the centre of mass of
three particles at the vertices of an equilateral
triangle. The masses of the particles are 100 g,

150 g and 200 g respectively. Each side of the
equilateral triangle is 0.5 m long.

O



Solution. Refer to

e 1w B (0.25, 0.2583)
|
|
|
*C
I {
|
60° | |
0[(0,0) N A
(0.25,0) (0.5,0)
In AOBN, cos 60° = o =
ON = 0-5 cos 60°=0-25 m
B
i oo BN _BN
OB 045

BN = 0-5 sin 60° = 0-5 ? =025+3

. The co-ordinates of O (0, 0), A (0-5, 0) and B

(0-25,0-25 /3 ). The masses of 100 g, 150 gand 200 g
are located at the vertices O, A, B of the equilateral

triangle OAB. The co-ordinates of the centre of mass
are



& Q my X, +my Xy + Xy
X =

m + m2 + m3

100x0+150><05+200><0 25
(100 +150 + 200)

75+50 125 5
— m

450 T 450 18

m Y +’”2y2' +ms )y
m, +m, +my

and Y~

_ 100%0+150% 0+ 200% 0253
100 +150+200

_ 5043 J_ 1

450 "33

Note that the centre of mass C is not the
geometric centre of triangle OAB. This 1s because
the three vertices of the triangle are not uniformly
loaded.

CQg Example k] Find the position of centre
of mass of the T-shaped plate from O, in Fig.




0> |

6m

fom

2m -

Solution. Suppose G is mass per unit area of

the plate.
». Mass of horizontal portion=8 x26=160

Mass of vertical portion=6x206=120
Centre of mass O, of horizontal portion is such

that OO; =1 m.

Centre of mass O, of vertlcal portion is such
that 00, =2 +3 =5m. .

If y is distance of cm of T-shaped plate from O,

then y_l6o'x1+120'x5_76c 5
| 166+126 280 71 m




& K7 From a uniform circular disc

of radius R, a circular disc of radius R/6 and
having centre at a distance R/2 from the centre of
the disc is removed. Determine the centre of mass
of remaining portion of the disc.

Solution. Suppose mass per unit area of the disc
is m. Therefore, mass of original disc

M=mn R,2 X m
Mass of portion removed from the disc

2 2
6 36

In Fig. 7.61, mass M is concentrated at O and
aass M’ was concentrated at O’,

——m

| :




R
@\\4 where OO’ = >

After the circular disc of mass M” has been
removed, the disc may be considered as a system of
two masses, M at O and - M"at O’ If x is the distance
of centre of mass (P) of the remaining part of the disc
from O, then

_MXx0-M'xR/2 M’ xR
M +(—M") M-M" 2

X

___mR*m/36 R_ R
tRm-nR*m/36 2 70
Negative sign shows that P is to the left of O.

) — Example[§ A circular plate of uniform
thickness has a diameter of 56 cm. A circular
portion of diameter 42 cm is removed from one
edge of the plate. Find centre of mass of the
remaining portion of the disc.

Solution. Here, radius of ciruclar plate

= 2-6- cm = 28 cm with centre O. And radius of cir-

2
42 |
cular portion removed = > = 21cm with centre Oy,



_——
C%é o()—i’-l—-xOO

m,

44 Itm
X4?1t m

This is the distance of ¢.m. of remaining portion
of disc from centre of disc.

(Q é Determine the coordinates of

the centre of mass of a right circular solid cone of
base radius R and height A.

Solution. Fig. 7.63 shows a uniform solid cone
of base radius R and height h. It is supposed to be
made up of a large number of circular discs of
different radii and masses.

X7¢cm=9cm

T . A

R»F‘/ + X

Consider one such disc of radius BC = x and
mass dm at a height y from the base.

A% ABC and ADO are sumlar



If m is mass per unit area of disc, then
M =1t (28)? mand m; =T 21)? m
Mass of shaded portion,
‘my=M-m;=[n(28)2 - (21)3] m
=343 tm |

If m; and m, are assumed to be concentrated at

O, and O, respectively, and O is their centre of mass.
then

moment of m, about O = moment of m, about O.



(9 ! e e e . e . . PRl . AR, P

Consider one such disc of radius BC = x and
mass dm at a height y from the base.

AS ABC and ADO are similar,
N\
Ao_po  _h _R
AC BC h—y x
o ‘e R(h-y)

...(0)
h

Mass of elementary disc, dm = Volume x density
dm=nx*.dyxp

R% (h-y)? .
=Tp " dy ..(#0)
. Co-ordinates of centre of mass of cone are
1
Y cm = ﬁj y dm




|
'.'M'—‘——R'Z/
[ ol zp)

Similarly x.., =0, ., =0
Hence co-ordinates of the centre of mass of solid

cone are (0, %, 0],

’Q 77 A man of mass m, is standing
on a platform of mass m, kept on a smooth
horizontal surface. It the man moves a distance d

w.r.t., the platform, find the displacement of the
platform w.r.t., ground.

Solution. Here, mass of man = m;,
mass of platform = m,

|
| : mao
l

777727272 277222777777777777777777777

—



__’

._.)
@W F.,. =0, Therefore, a. = 0 and v = const.

-
As v__ 18 Zero initially, it would remain zero

even after the man moves. Refer to Fig. 7.64.
Let x; = displacement of man towards right
x, = displacement of platform towards left

myx) =myXxy
aﬂd x1+x2=d |
m, X
—2 2 2+x2=d

™
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@% Exﬂmplem Find the torque of a force

a particlc whose position vector is (i — j+k ).

Solution. Here,

- A A A A
F=(51 ’]+3L)and r—(l—]+k)
A A
—;z;-—) ;=(l—j+k)>((5!—2_]+3k)
i ] k
=11 -1 1
5 -2 3

" A A
=i (-34+2)—jB-5+k(-2+)5)
A A 74N
~ =(—i+2j+3k)
# ! Example [] A torque of 103 N-m acting on
a rigid body, turns it through 30° in 0-2 second.
Calculate work done by the torque on the body

and power of torque.
Solution. Here, T = 103 N-m,

6 =30° = g radian, 1 = 0.2 s.



o5 =2615x 10° watt

) O -
& Example fi] A constant torque is acting on

a wheel. If starting from rest, the wheel makes n
rotations in t seconds, show that the angular

C . 4nn
acceleration is given by a = > rad s~2.
{

Solution. Here, W, =0, 8 =2 nt n radian,
t=t, ="

o'
E’“‘"‘P"’m Show that angular momen-

tum of a satellite of mass M, revolving around
earth of mass M, in an orbit of radius r is

JGM2 M r.




s\\  Solution. A satellite revolves around earth under
gravitational pull which provides the necessary
centripetal force,

v: GM M.
le., M = 82 :
$ 5, "
- GM,
r
Angular momentum of satellite L=M -v - r
GM
L=M, £ Xr
| r

Q \9 = \/GMszMer

. Example A small particle of mass m is
projected at an angle 0 with x-axis with initial

velocity v, in x-y plane*as shown in Fig. 7.65.
Calculate the angular momentum of the particle

vosinB
g ,

at [ <



&\.7/ - R I
\\‘ Y*
|
| %
|
| 0
\; O e "_x J
. | ZUOﬂnO
Solution. As time of flight 7 = ,
v, 8in 6 | 5
therefore, at t < , particle has not reached
8

the maximum height. Let r be position vector of
the particle as shown in




N e

t l—-)l
r=ut——gI
28’

%)

A . /\ l
=, cosO 7 +v, s 0))1 —"2'8’12 J

» A F 9 ] t2 )
:vocosﬂ(f)l+(vosm (l)—ig J

LA A
=, cose?+v0 sin@ j—gtj

=, cosf)’i\+('vO sinB—-gt)?

Angular momentum of particle,

% ’ . °
L=m(7xv) ()
Now,
N\ /\
l J
- -
rxXov =

. 1
v, cos (1) v, sin O (t) - 5 gt2

o O x>

| v, cos O (v,'sin 0 gt)




Q\L

=7(0-0)-7(0-0)

LN .
+ k [v% cos 0 sin O (1) —vy cos O gl

|
_v2cosOsin@r+ — v cosOth]
0 ) 0 ‘

]
FXU = —EUO cos 0 gt? k
From (1),
1
[ =-—mgu,t? cos Ok

2



& / 3 On application of a constant

torque, a wheel is turned from rest through an
-~ angle of 200 radian in 8 s. What is its angular
acceleration ? If the same torque continues to act,
what will be the angular velocity of the wheel
16 s from the start ?
Solution. Here, ®; =0, 6 = 200 rad, = 8 s,
o=7W,=2,1= 16 s

1
From 6 = (olt+50ct2

1
200.—.0+5a(8)2;

200 5
oo=— =625rad s~
. 32

Again, from 0, =0y + 01 = 0+ 6-25 x 16
= 100 rad/s



N

l

Y\ Exampie [l] A flywheel rotating at a speed

of 600 rpm about its axis is brought to rest by
applying a constant torque for 10 seconds. Find

the angular deceleration and angular velocity S
second after the application of the torque.

600
Solution. Here, n; = 600 rpm = 0 ps

= 10 rps
n, =0, t =10 seconds, o = ?

az(oz-u)l =21t(n2—"1)
t [
oL=21t(0—10)
10
. angular deceleration = 2 1t rad/s?
Again, W= +0r . 0, =271n +Qt
a)zzng,nXIO—an5=101trad/s

= — 2 w rad/s?



7
)7 Example i An energy of 484 J is spent in
increasing the speed of a flywheel from 60 rpm to
360 rpm. Calculate moment of inertia of flywheel.

Solution. Here, energy spent, W =484 J ;

Initial speed, ®; = 60 rpm = Z—g X 2n rad/sec

= 2 7t rad/sec
* Final speed, ®, = 360 rpm
= —38%9 x 2 1t radian/sec = 12 1t radian/sec :

="



%\g/ As work done = increasce in K.I. of rotation

| A
LD,
I 0)3 | 0

W=E2“‘E| - 2

l

2
]

484 = -;- 1[(127)? —2n)*] = > I %140 12

484=7OI><22><22
7 7

7= 484 x 49

, 70x 484

o\ 0 L
) ’ The moment of inertia of a
body apbout a given axis is 1-2 kg m?. Initially, the
body is at rest. In order to produce a rotational
KE of 1500 J, for how much duration, an

acceleration of 25 rad s~ must be applied about
that axis ?

Solution. Here, I = 1-2 kg m?,a, = 0,
| (x=25rads‘2,t=?
Additional rotational K.E. = 1500 J

1 1
-Imz——lmgzlsoo
2 2

= 07 kg m?

1

As =0, >l =1500



Q16

‘/ ‘/ > = 50 rad §7!

From w=wy+ar

5(
S0=0+251 1-22-2s¢
25



@ 174 A thin hollow cylinder open

at both ends and weighing 5 kg (i) slides with a
speed of 5 m/s without rotating and (i1) rolls with
the same speed withoilt slipping. Compare the KE
of the cylinder in the two cases.

Solution. Here, m =5 kg, v =5 m/s
| 1 |
(/) Translational K.E. = > mv? = > X 5% 5
| =62-5]
(i/) When the cylinder rolls with the same speed
Total K.E. =K E. of translation + K.E. of rotation

=625+ —-1w :62-5+_(mr2)_
2 2 2

, |
=62-5+§ X5x%x52=125)



@ | ¥ A flywheel of mass 25 kg has

a radius of 0-2 m. It is making 240 rpm. What is
the torque necessary to bring it to rest in 20 s ?1f
the torque is due to a force applied tangentially
on the rim of the wheel, what is the magnitude of
the force ? Assume that mass of flywheel is
concentrated at its rim.

Solution. Here, M = 25 kg, R = 0-2 m,
n, =240rpm = 2?40(—)rps = 4rps, n, =0,
t=20s

Moment of inertia of flywheel,
I = MR? =25 (0-2)> = 1 kg m?

T:Ia:l(mz_ml) =12n(n2—"1)

[ . t

_Ix2w(0-4)
1= 20 =-0471t=-1257 N-m




Q | Y If F is the tangential force applied on the nm.
thenas FXx R=1

| T 1257
- R 02
(Q |G . Show that the angular

momentum about any point of a single particle
moving with constant velocity remains constant
throughout the motion.

=628 N

Solution. . At any ume f,

suppose the particle moving with velocity p 1satP.
We have to calculate angular momentum of the

particle about any arbitrary point O. The angular
momentum



%\ K 9 7
T 0P
|
|
\ /.

:
|

\ Oy/
A N =
L: I )(,)'—'— r xmh?u
-

| L1=rmuvsin0
: 9 o
where 0 is the smaller angle between r and v .

From Fig. 7.20, r sin 8 = OK = perpendicular
distance of O from the line of motion of particle.

As position of particle changes, r and 6 both
change, but r sin 6 remains constant.

__)
Therefore, magnitude of L' =mv rsin@=m
v (OK) = constant

-
The direction of I is 1L 7 and u and

inwards. This also does not change.

_)
Hence L remains the same in magnitude and
direction. ’






